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Abstract: In this paper, we combined entropy with linguisti neutrosophic cubic numbers and used it 
in daily life problems related to a corporation that is going to choose an area supervisor, which is the 
main target of our proposed model. For this, we first develop the theory of linguistic neutrosophic 
cubic numbers, which explains the indeterminate and incomplete information by truth, indeterminacy 
and falsity linguistic variables (LVs) for the past, present, as well as for the future time very effectively. 
After giving the definitions, we initiate some basic operations and properties of linguistic neutrosophic 
cubic numbers. We also define the linguistic neutrosophic cubic Hamy mean operator and weighted 
linguistic neutrosophic cubic Hamy mean (WLNCHM) operator with some properties, which can 
handle multi-input agents with respect to the different time frame. Finally, as an application, we give 
a numerical example in order to test the applicability of our proposed model. 


Keywords: neutrosophic set; neutrosophic cubic set; linguistic neutrosophic cubic numbers; 
linguistic neutrosophic cubic weighted averaging operator; entropy of linguistic neutrosophic 
cubic numbers; application; multiple attribute decision making problem 


1. Introduction 


In 1965, Zadeh [1] introduced the notion of fuzzy sets, which became a significant tool of studying 
many vague and uncertain concepts. It has a large number of applications in social, medicine and 
computer sciences. Atanassov [2] generalized the theme of a fuzzy set (FS) by initiating the idea of 
intuitionistic fuzzy sets (IFS) by introducing the idea of non membership of an element in a certain set. 
Jun et al. [3] initiated the idea of cubic sets, in which there are two representations: one is used for 
the membership/certain value and the other one is used for the non membership /uncertain value. 
The membership function is handled in the form of an interval, and the non membership is handled 
by the ordinary fuzzy set. Cubic sets have been considered by many authors in other areas of 
mathematics, for instance KU subalgebras [4,5], graph theory [6], left almost I-semihypergroups [7], 
LA-semihypergroups [8-11], semigroups [12,13] and Hv-LA-semigroups [14,15]. Smarandache [16,17] 
presented the new idea of the neutrosophic set (NS) and neutrosophic logic, which the generalized 
fuzzy set and intuitionistic fuzzy set. The neutrosophic set (NS) is defined by truth, indeterminacy 
and falsity membership degrees. For applications in physical, technical and different engineering 
regions, Wang et al. [18] suggested the concept of a single-valued neutrosophic set (SVNS) in 
2010. After this, many researchers used neutrosophic sets in different research directions such 
as De and Beg [19] and Gulistan et al. [20]. Jun et al. [21,22] extended the idea of cubic sets to 
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neutrosophic cubic sets and defined different properties of external and internal neutrosophic cubic sets. 
Recently, Gulistan et al. [23] combined neutrosophic cubic sets with graphs. In multi-criteria decision 
making problems, the application of neutrosophic cubic sets was proposed by Zhan et al. [24]. In [25], 
Hashim et al. used neutrosophic bipolar fuzzy sets in the HOPE foundation with different types of 
similarity measures. For the aspects of real-life objectives, the human desire of judgment can be 
used for linguistic expression rather than numerical expression to better suit the thinking of people. 
Therefore, Zadeh [26] introduced the concept of linguistic variable and applied it to fuzzy reasoning. 
The idea of aggregation operators was presented by many researchers in decision making problems; see 
for example [27-29]. The concept of linguistic intuitionistic fuzzy numbers (LIFN) was introduced by 
Chen et al. [30]. After that, some researchers also gave the idea of linguistic intuitionistic multi-criteria 
group decision-making problems [31]. The theme of LNNs was initiated by Fang et al. [32]. Besides, a 
multi-criteria decision making problem like the linguistic intuitionistic multi-criteria decision-making 
problem was also introduced [33]. Ye in 2016 presented the concept of an LNNs and also gave the 
idea of different aggregation operators in multiple attribute group decision making problems [34]. 
Then, the concept of a linguistic neutrosophic number was proposed to solve multiple attribute group 
decision making problems by Li et al. in [35]. In [36], Hara et al. proposed some inequalities for certain 
bivariate means. A useful tool known as entropy is used to determine the uncertainty in sets, like 
the fuzzy set (FS) and intuitionistic fuzzy set (IFS), where LNCSis defined by managing uncertain 
information about truth, indeterminacy and falsity membership functions. In 1965, Zadeh [37] first 
defined the entropy of FS to determine the ambiguity in a quantitative manner. In the same way, the 
non-probabilistic entropy was axiomatized by De Luca-Termini [38]. He also analyzed mathematical 
properties of this functional and gave the considerations of and applicability to pattern analysis. 
A distance entropy measure was proposed by Kaufmann [39]. A new non-probabilistic entropy 
measure was introduced by Kosko [40]. In [41], Majumdar and Samanta introduced the notion of 
two single-valued neutrosophic sets, their properties and also defined the distance between these 
two sets. They also investigated the measure of entropy of a single-valued neutrosophic set. The 
entropy of IFSs was introduced by Szmidt and Kacprzyk [42]. This entropy measure was consistent 
with the considerations of fuzzy sets. Afterward, the measurement of fuzziness in terms of distance 
between the fuzzy set and its compliment was put forward by Yager [43]; see also [37,44] for more 
details. The entropy in terms of neutrosophic sets was discussed by Patrascu in [45]. The of linguistic 
neutrosophic numbers (LNNs) and the linguistic neutrosophic Hamy mean (HM) (LNHM) operator 
was investigated by Liu et al., in [46]. Ye discussed linguistic neutrosophic cubic numbers and their 
multiple attribute decision making method in [47]. 

The present study proposes a new notion of linguistic neutrosophic cubic numbers (LNCNs), 
where the undetermined LNNs agrees with the truth, indeterminacy and falsity membership. Besides 
that, we define the different operations on LNCNs, the linguistic neutrosophic cubic Hamy mean 
operator and the weighted linguistic neutrosophic cubic Hamy mean (WLNCHM) operator with some 
properties that can handle multi-input agents with respect to the different time frames. We define 
score, accuracy and certain functions of LNCNs. At the end, we use the developed approach in a 
decision making problem related to a corporation choosing an area supervisor. 


2. Preliminaries 


In this section, we give some helpful material from the existing literature. 


Definition 1. [35] LNNsg (linguistic neutrosophic numbers): Let U be a universal set and p = (fo, P1,---, Pt) 
be a linguistic term set (LTS). An LNSA in U is specified by the truth, indeterminacy and falsity membership 
functions & ;,B 4 and ¥ 4, where & ;,B,,4,:U > ([0,t],andVu € U,g= (Bag(u)r Pha (uy P¥a(u)) e Ais 
called an LNN of A. 
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Remark 1. [35] Let A be the set of LNNs, then its complement is represented by AC, which is denoted as 
eT Pe ee 


Definition 2. [35] Let & — (Di, Pp, ps), 81 — (Bays Pay Py ), 82 = (Piss Pay Pp) be any LNNs and A > 0. 
Then (1): 


$12 = Pas Piy Pr) © (Bin Bye Pin) = (Pasay tba P hy Pina) () 

(ii): 
£12 bo = Pa Pp Pin) ® (Peo Phy Pre) = (Pata By, 5 tb Pasty io 

(iii): 
AS = (Bar Bay Pa) = (A. 1a—#y Pb Pd si ®) 

(iv) 
= (Bar Bg Pa = (Pray Pe ig dy Praha )- (4) 

ar Brey He oa ae at) 


Definition 3. [35] Let ¢ = (px, p pr p,) be an LNN. The following are the score and accuracy function of LNN, 


apa, __ 2t+—B-4 
sg) = SE 6) 


i ee 6) 


Definition 4. [35] Let $; = (Par Pay Pr), 82 = (Bay, Pp, Pip) be LNNs. Then: (1) If §(1) < S(&2), 
then § < &». (2) If $($1) = 5(82), (a) and H(1) < H(&), then $ < &, (b) and H(8) = A(§2), 
then 81 © 


Definition 5. [36] Suppose u;(? = 1,2,...,n) is an assortment of non-negative real numbers and parameter 
k= 1,2,...,n. The Hamy mean (HM) is iefined as: 


1 


iB (Ts) 


1<4<...<n \j=1 
(i) 


where (iy De-aagtp) navigate all the k-tuple arrangements of (1,2,...,n), 3) is the 


binomial coefficient and (;) Hebi The following are some properties of HM: 


(1) HM) (0,0,...,0) =0,HM® (u,u,...,u) = u, (2) HM) (uy,u2,...,n) < HM® (v1, 02,...,0n), 
if uz < 0; for all?, (3) min{u;} < HM) (uy,u2,...,Un) < max{u;}. 


HME (x1, x9, .. 0, Xn = (7) 


Definition 6. [17] (Neutrosophic set) Let U be a non-empty set. A neutrosophic set in U is a structure of the 
form A := {u; Atyy(U), Ama(u), Apa (u)|u € U}, is characterized by a truth membership Tru, indeterminacy 
membership ind and falsity membership Fal, where Atyy, Aind, Ara : U — [0,1]. 


Definition 7. [21] (Neutrosophic cubic set) Let Xbe a non-empty set; an NCSin U is defined in the form of 
a pair O. = (A, A) where A = {(x; Atn(uy A tna(u y Aga (u)) | @ € U} is an interval neutrosophic set in U 
and A = {(U; Atyu(u)sAina(u) eat(u)) | & © U)} is a neutrosophic set in U. 
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3. Linguistic Neutrosophic Cubic Numbers and Operators 


In this section, we define the linguistic neutrosophic cubic numbers and also discuss different 
operations and properties related to linguistic neutrosophic cubic numbers. We define the cubic Hamy 
mean operator, LNCHM operator and WLNCHM operator and discuss their properties. 


Definition 8. LNCNs (linguistic neutrosophic cubic numbers): Let U be a universal set and 
B = (Bo, B1,---, Bt) be a LTS. An LNCN A in U is determined by truth membership function (& 4,45), 
an indeterminacy membership function ( ,, B 4) and a falsity membership function (¥ 4,74), where & ;, Bz, 
4, : U + D(0,t] and &;,B,, ta : U —+ (0,t],V u € U, and it is denoted by § = 


(Ba, &a)(u)? PBs, Ba)(u)’ Pay, 4a)(u)) € 
Remark 2. Suppose A is a set of LNCNs, then its complement is represented by A‘ and defined as {(& ;,& ,)° = 
(Var Va) (Bar Ba)’ = (t- Bart — Ba), (Var Val’ = Baka) y 


Definition 9. Let ¢ = (Poayd h)s Pe, p)rP Pay) 81 = (Po, iy) Pa, pi)’ Pin) P 
2 = (Prrary P (Ba,B2)’ Panay) be any LNCNs and A > 0. Then, we define: 


(i): 
§1 © 82 = (Beary PGA) Penn) © (Pearday-P (Bahay Pra) (8) 
7 (, Hind ta) gs 2 (ap yy Pe.) 
(ii): 
$1. £2 = (Berar) P sry Pend) © (Pearay-P (pan) Pann) 0) 
7 (es a2)’ Pgs + Bobi tbo) (ue a) Pane.) 
(iii): 
AE=A( (PearinyP (Bir) Peavnd) © (Petasin)P (apa) Peinin))) (10) 
- (,. ataayeP (i) Pray ) 
(iv): 
8 = ((Paary-B ary Peavtn) © (Beatay Ppa)" Petvte))) 1) 


= (har tanay torn 


It is clear that these operational result are still LNCNs. 


Definition 10. Let ¢ = (Peay, Pp A)’ Pan) , bean LNCN that depends on LT®, p. Then, the score function, 
accuracy function and certain function of the LNCN, ¢, are defined as follows: 
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(i): 
P($) =9— (Pa a) Pp ay Pan) 
1 
= 5 (48+ Px — Bg — Br) + (2t-+ Ba — Bg — Pa) I, for 98) € [0,1] (12) 
(ii): ; 
O(§) = 5, [(ba — Py) 4 (Ba — py) ],for ®(g) € [-1,]] (13) 
(iii): : 
¥(8) Peres for ¥($) € (0, 1]. (14) 


Now, with the help of the above-defined function, we introduce a ranking method for these 
function. 


Definition 11. Let two LNCNs be ¢; = (Peas), PBA)’ Pavan) and 
go = (Pata), ey co . Then, their ranking method is defined as: 


, B(81) = B(S2) and ¥ (81) > ¥(§2), then $1 > $2, 
P(S2), B($1) = O(S2) and ¥(81) = ¥(g2), then $ ~ &. 


HG NR 
oe 
s 


($1) > (82) 

If p(S1) = (82) and B(81) > (ge), then $1 > So, 
($1) = (82) 
($1) = (82) 


Example 1. Let ¢ = (Pear any Ba, pry Bonany) + 2 = (Pinta) P (Ay,hs)- Planta) and §3 = 
(Pras.tsy-P (A,,85)" Past) be three LNCNs in the linguistic term set p = {pg | $ € |0,8]} where 
é = ((0.2,0.3], [0.4,0.5],, (0.3, 0.5], (0.1,0.2,0.3)), 2 = ({0.3,0.4], [0.4,0.5], [0.5, 0.6], (0.2,0.4,0.6)), 
83 = ([0.4,0.5], [0.4,0.6], [0.5,0.7], (0.2,0.3,0.5)), then we will find the values of their score, accuracy 
and certain function as follows: 


(i) Score functions: 
(8) = 5 l(4t + Ba — Bg — By) + (24+ Ba — By — By)], for (8) € [0,1] 
: (32 + 0.2 + 0.3 — (0.4+0.5 + 0.3+0.5) +16 +0.1 — (0.2+0.3)| 
($1) = 79 
= 0.644 


_\ (2 +0.34+04— (04405405 +06) +16 +0.2 — (0.44+06)] 
p(g2) = 7 


= 0.6375 


\ . B2+0440.5— (0440.6 +0.5+0.7) +16 +0.2 — (0.3 +0.5)] 
9($3) = 7 


= 0.638 
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(ii) Accuracy functions: 


(§) = sl(Ba — Ba) + (Ba — By) ], for @() € [-1)1 
(0.2 + 0.3— (0.3 +.0.5) +0.1—0.3] 


OS) = >A 
= —0.0208 
‘ 0.3 + 0.4 — (0.5 + 0.6) + 0.2 — 0.6 
@(g2) = | este) ! 
= —0.0333 
‘ 0.4 + 0.5 — (0.6 + 0.7) +0.3 —0.5 
o(g) = | oese?) ! 
= —0.0292 


(iii) Certain functions: 


: Da + Pa ; 
¥(g) = BFE for ¥(8) € [0,1] 


3 0.2+03+40.1 
¥(81) = | 7A 
= 0.025 
. 0.34+0.4+0.2 
joe 
= 0.0375 
, 0.4+0.5+0.2 
2 ee 
= 0.0416 


Definition 12. Suppose (i;,u;) where? = 1,2,...,n is an assortment of non-negative real numbers and 
parameter k =1,2,...,n. Then, the cubic Hamy mean (CHM) is defined as follows: 


ae oa 
5 (ia-hs) 
_ sth<.sn \j=1 © FHI 


where (i, i2,...,%;) navigate all the k-tuple arrangements of (1,2,...,n.), (7) is the binomial coefficient and 


CHM (ay, u;) (15) 


(f) = Tomy : 


Example 2. Let (i;,uj;) = ((i1,u1), (fi2,u2)) i = 1,2 and k = 1, where u, = ((0.2,0.4], (0.6)),u2 = 
(0.3, 0.5], (0.7)) . 
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( 
at (02,041, (06) en ) 


fa 
(((0.2,0.4], (0.6)) ((0.2, 0.4], (0.6))) \" 
(([0.3, 0.5] , (0.7)) ([0.3, 0.5] , (0.7))) 
+( (((0.2, 0.4], (0.6)) ({0.2, 0.4], (0.6))) 
(({0.3,0.5],, (0.7)) ({0.3,0.5] , (0.7))) 
(7) 

(({0.04, 0.16] , (0.84)) ({0.09, 0.25] , (0.91))) 
+ (({0.04, 0.16] , (0.84)) ({0.09, 0.25] , (0.91))) 
@) 

({0.004, 0.04] , (0.98)) 
+ ({0.004, 0.04] , (0.98)) 
0) 
__ ({0.008, 0.08] , (0.96)) 


(i) 
= ([0.004, 0.04] , (0.48)) 


Definition 13. Suppose (¢,$;) where? = 1,2,...,n. is an assortment of linguistic neutrosophic cubic 
numbers and parameter k = 1,2,...,n. Then, the LNCHM operator is defined as follows: 


5s (Te. Ne i 


1st <...g<n \j=1 


LNCHMK(§;, §:) = 7 (16) 
(i) 
where (i1,%2,..-, 2.) navigate all the k-tuple arrangements of (1,2,...,n.), (#) is the binomial coefficient and 
O= 7p 
Example 3. Let (%,8) = ((€,82),(8$)) i = 1,2 and k = 1, where & = 


({0.2, 0.4] , [0.3, 0.4], [0.4, 0.6], (0.6,0.5,0.8)) , $2 = (0.3, 0.5] , (0.4, 0.7], [0.2, 0.4], (0.7, 0.8, 0.6)) , 
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LNCHM! ((1, 82), (82, 82)) 
_ Y_ (((S11, $11), (S22, $22)))" 
(7) 
(((S11, $11) (S22, $22)" ss (((S11, $11) (S22, $22)" 
(7) 
0.2,0.4],, (0.3, 0.4], [0.4, 0.6] , ( 
0.2, 0.4}, (0.3, 0.4], [0.4, 0.6] , (0.6, 0.5, 0.8 
] ] 1,( 
] | ],( 


) 
) 
, (0.4, 0.7] , [0.2,0.4], (0.7, 0.8, 0.6) 
, (0.4, 0.7], [0.2,0.4 ) 


) 
) 
) 
) 


(7) 


( 

(0.2, 0.4], 
(0.3, 0.5], 
( 


) 
) 
) 
) 
({0.2, 0.4], (0.3, 0.4] , [0.4, 0.6}, (0.6, 0.5, 0.8)) 
({0.2, 0.4], (0.3, 0.4] , [0.4, 0.6], (0.6, 0.5, 0.8)) 
(0.3, 0.5] , (0.4, 0.7] , [0.2, 0.4], (0.7, 0.8, 0.6)) 
(0.3, 0.5] , (0.4, 0.7], [0.2, 0.4], (0.7, 0.8, 0.6)) 


(7) 


([0.04, 0.16] , [0.09, 0.16], [0.16, 0.36] , (0.84, 0.75, 0.96) 
([0.09, 0.25] , [0.16, 0.49], [0.04, 0.16] , (0.91, 0.96, 0.84) 


_ {_({0.04, 0.16] (0.09, 0.16] , [0.16, 0.36 
({0.09, 0.25] 


|, (0.84, 0.75, 0.96 
, (0.16, 0.49] , [0.04, 0.16] , (0.91, 0.96, 0.84 


) 
) 


Qe ee: SA Na 


(7) 


+ ({0.004, 0.04] , [0.014, 0.08] , [0.006, 0.06] , (0.98, 0.99, 0.99)) 


( ({0.004, 0.04] , 0.014, 0.08] , [0.006, 0.06] , (0.98, 0.99, 0.99)) 


(7) 


__ ({0.008, 0.08] , [0.03, 0.2} , (0.012, 0.12] , (0.96, 0.98, 0.98)) 


(7) 


= ((0.004, 0.04] , [0.02, 0.1] , [0.006, 0.06] , (0.48, 0.49, 0.49)) 


8 of 30 


Theorem 1. Let (%,%;) = (Peart Bp, iy Bansn) (i =1,2,...,n) be an arrangement of LNCNs, then 


the accumulated value from Definition 13 is obviously an LNCN, and: 


LNCHMK(&, &) 
p 17? 
; 


j=l j 


t-t 1-| ———,—— 


si << ne 
Si <..g<n 


p 


k \k))® Pe 
Ts Ts} |} | Tn pf (- Be 
j=1 1Si <...g Sn j 


(17) 
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Proof. According to Equations (1)-(4), we have: 


; 2 : 1\, 
k k - k Bj B; J 
Hs Fs] | Eh EC *) 
= _| i j= q ipcn j= 
1 |e) 
154 <..Sn 
p ; 1 
k 7, 7; . 
T T 
(TD |e (L (2-2) 
1<t) <..p<n j=l 
Then, we obtain: 
F i 
1 k k k 
mE (Ts TI 
kJ 1<i,<..g<n \j=1 9 j= 
P 1 17? 1 ar! 
i i i (i) i ; i a) 
_ Bij Bij 
THe, ITs ‘TT fT TG-2a-) 
j=l j=l 1Si1 <...ig<n j=1 
tt 1} ——— 
tk tk 
1<i) <...ip<n 
p ae 
t\\@ 


Symmetry 2018, 10, 428 


10 of 30 
Therefore, 
LNCHM*(&;, &) 
p 1,?p 1, 
t & \t\\® Bp ge alee 
My Ue} |P of, Tf (il-*9) 
ag (ie te i=1 
tt Il 1 i = wie ce J 
1<h<.p<n : : 
P 1\\ 
i : P i (j) 
1 L 
| TL |-(LI(0-%-) 
1<iy<.4y<n j=l 
In addition, since: 
1\ \ oF 
k k F\ \ ® 
| Ti, ] [as 
i=1 j= 
o<t-t] JT] J1-)5455 <t, 
1<4<..ip<n t t 
1 
1 ny 
E(B, &y\\t\\e 
O<t I] 1-(TI(1- ela a 
1<y<.iy<n j=l 
1\ \ a 
t\ \ @ 
Vi gee he " 
o<t{ I [1-(It(1-%1-%)) |) se 
1<i<.iSn j=l f 
Therefore, 
p jee 
kk \F\\® 
T Is, Ts, 
t-t Il dio ed Teak & 
ke k 
1<i<..4j<n : ; 
p Rete 
T iL 
| TT |-(T (2-2) 
1<ip<.i<n j=l 
p a: 
i E\\ @ 
Y: 
| TL [-(LI(-22-4) 
1<iy<.y<n j=l 
is also an LNCN. 


Example 4. Let 6 = {}, 1, B2, B3, Pa} be an LT® with odd cardinality t +1 and & = (3, p2, pi), $2 = 
(Pa, P3, P1, ), be two LNCNsbased on p. Then, we can use the suggested LNCHM operator to aggregate these 


Symmetry 2018, 10, 428 11 of 30 


two LNCNs (suppose k = 2) and to produce an inclusive value LNCHM“) ($1,890) = (Pray, Bip py’ Psa) 
described as follows; where: 


. 2, { ((0.2,0.3], (0.2, 0.5}, [0.2,0.5], (0.9,0.7,0.9)), 
(8.82) = | (19.4 0.5}, 0.3,0.5], [0.3, 0.5], (0.8,0.8, 0.6)) 


(i): ° ° 
1 - k(n —k)! 7 2!(2 — 2)! = 
() n! 2! 
(ii): 
1 a 
i k i (i) 
] [&, ] [4 
bot ihe Pe 
1<<..p<n i - 
= ([0.28, 0.39], 0.17) 
(iii): 
1 
fe Geo 
= te ge ec ae 
{ty ft (h(-Ba-4)) 
Si <...j<n j=l 
= ({0.3, 0.5] ,0.75) 
(iv): 
‘ 1 
k a ° | a 
Vij Vij k 
Sty <...pcn j=l 
= ((0.3, 0.5] , 0.74) 


Therefore, we get: 


D ps ; , ‘ 
LNCM*(81, 82) = (Pas P (apy Baw) 
= ({0.28, 0.39], [0.3, 0.5] , [0.3, 0.5] , (0.17, 0.75, 0.74)). 


Now, we will study some of the ideal properties of LNCNs. 
Property 1. (Idempotency) If (1,81) = (88) = (Peasy Bepay Pian) V = 12,---y1), then: 


Riles ; ; : 
LNCHM"(Z, 8) = (Par P(apy Ba) (18) 
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Proof. Since (¢,¢) = (Pray Ppp): Pam) , based on Theorem 1, we have: 


LNCHMK(g, 8) 
p ep 4 1, 


1 
ak ak \E k 
t-t Il (-(¢4) 
1<i<..4j<n 


° 
P ack 


(I. (- ((0-#:-4)') i 


Property 2. (Commutativity) Let (&, 8) for all (? = 1,2,...,n) be an assortment of LNCNs and (&, 8) be 
any permutation of (&;, 8), then: 


LNCHM# (#1, &) = LNCHM*(&;, é;) (19) 


Proof. The conclusion is obvious, because Property 2 depends on Definition 13. 


¥ (Ts, rs) 


i 5 1Si <...ip<n jHii, =1 
LNCHM (1, %) = nN 
(j) 
k 
1 
k k k 
» (Is, The 
_ 1sa<..gsn = j=l 
(i) 
= LNCHM* (&;, ;) 


Property 3. (Monotonicity) Let 
(Si $1) = (Prats) Pep.diy Peto) Affi) = (Pa, aE ere? Ge :)) (?=1,2,...,n) be two 
collections of LNCNs; if (&;,&) < (Gi, 97), (Bi, Bi) < (Fi 12), (Vir Fe) < (84,87) for all ?, then: 
LNCHM" (g;, 8) < LNCHM* (f;, fi) (20) 


Proof. Since 0 < (a, &;) < (qi,47), (Br, Br) > (Fi 12) = 0, (Fn Fz) = (S87) = 0,t > O and according to 
Theorem 1, we get: 
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‘ ; 1 en 
k k k (i) 
Ts; I 
t—t ay 1= nt ok 
sty <...ipSn 
1 \ * 
k k k ) 
Ta, [s; 
jt’ jal 
<t-t| TJ 1-| 5,5, 
150 <.ntp Sn t t 


. B\\WA\O 
k Bi, Bi, k k 
—t 1 1 a d 
(. us ( (i ( a )) 
Sty <..ip sn j=l 
<-t Il 1 
sf <...fpsn 
. 2 . 1 
k Vi. ‘i. k 
—t! TT 42 te ae 
1<hy <...ig <n j=1 t t 
Sh <s j 
k 5. 7, k 
<-t} J] 1-|J][(1-2,1-2 
sf <...ip sn j=1 t t 


Let (%, $) = LNCHMK (@;, 8), i= LNCHME (f:,fr) and p($) and ¥(f) be the score functions 
of g and f. According to the score value in Definition 11 and the above inequality, we can simply have 
(g) < ¥(f). Then, in the following, we argue some cases: 


1. If p(s) < ¥(f), we can obtain LNCHM*(&;,8;) < LNCHMF (f; f;) ; 
2. if p(g) = ¥(f), then: 


t+t—t igi j-|2 


1st <....5n 
k 


1 or 
k Bs,  B,\\#\\® 
-t II 1 (r1(+ Z,1 +] 
1Si <... <n j=l 
1 t 
k Vi, vi, k ‘ 
-t II 1 (1( Zl #) 
1st <...j<n j=l 
3t 
a1 
k k i va) 
ITs, ITs, 
2t+t-t Il 1-|— 5 
1Siy << : 2 


(on (-(he-2-9)) 
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Since 0 < (dz, B &;) < (Gi, q2), (Bi, Br) 3 (Fi, r;) >0, (Vi, 47) = (83, S;) > 0,t > 0, we can assume that: 


1<i<...g<n 


1 ar! 
k k b\ \ @ 
Tle, [ 1s, 
i=1 j=l 
=t-t| JT] |J1-/—]5 
1<i<..4<n iF i 
pes Neely 


1 
Ef %  4\\*\\" 
Vi, i 
=f I] = tea 
1<i1 <...ip<n j=l 


kf & 5% 
=-+| J] 1- (II (1- 31-4 


1<i\<...42<n 
and based on the accuracy value in Definition 11, then ®(¢) = ®(f). Finally, we get: 
LNCHMK(g;,8;) < LNCHME (f, f;) 


Property 4. (Boundedness) Let (&,8)) = (By, Pay, Bats Pays Pau ps,)(? = 1,2,...,n) be the collection of 
LNCNs and: 


g* = max(Bmax(a;), Prnin(B;)* Pmin(7;)* Pmax(a;)* Pmin(f,)’ Pmin(“) 
g = min(%, 8) a (Prin (ae)¢ Pmax(B;)’ Pmax(4i)/ 
Pmnin(ds)s Prax(py)’ Prax(%;))1 


then ; 
& <LNCHM'(&,&) < §* (21) 


Proof. Based on Properties 1 and 3, we have: 
LNCHM*(&, &;) > LNCHM#(g-, >) = 


LNCHM* (S$) < LNCHMK(g+ se 


The proof is completed. 


In addition, we will deliberate about some desirable cases of the LNCHM operator for the 


parameter k. 
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1. Whenk = 1, the LNCHM operator in (16) will be reduced to the LNCHA (linguistic neutrosophic 
cubic Hamy averaging) operator: 


| 
= 
i. 
ai 
iy 
A 
= 
A 
2 
aS 
PR 
| 
a 
—, 
Il mR 
_ 
ES 
~~. ~ 
| RB 
nny 
RB 
SS 
rary 
a  t 
as 


(22) 


j=l j=l j=l 
n 

(let 4) =?) = —) 18; = LNCA(&, &) 
f=1 


2. When k = n, the LNCHM operator in (16) will reduce to the LNCHA (linguistic neutrosophic 
cubic Hamy averaging) operator: 


1 
n 


» (Ts IIs) 


7 1st <...j<n \j=1 
LNCM"(&, 87) = i 
Gi) 
p as 
n n 4 Gh) 
TT 
j=l j= 
bot II 1-|! i 2 
15 <...4Sn 
—| P 1 ah’ (23) 
n . n nn 
t Il 1 (1-4a-f) 
15h <...j<n j=l 
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E n n i *P Fa : 4\’ 

Ts Ts) } (+-(T10-%-8)) 
fel 4 ie a j=l 


saa ec n n Ly P _ Ly P "a 4 
Chr Eh) (F(a) (0-7-4) 
=1 =1 Be — 

t ! tf CZ fil it Ist 
La 
let (7 = ?) = ! Isr a LNG(&, &) 
i= 


Definition 14. Suppose ($;, $;) where? = 


1,2,...,n. is an assortment of linguistic neutrosophic cubic 
numbers and parameter k = 1,2,...,n.and wh = (tb1,tb2..., thn)" the weight vector of #; with &; € [0,1] and 


n 
Soa; = 1, then the WLNCHM operator is defined as: 
i=1 


WLNCHM*(¢;, 8;) = 


@ oy 


where (i, Tos eeees iz) navigate all the k-tuple arrangements of (1,2,...,i1 
() = 


K(n—k)! 


\i (Z) is the binomial coefficient and 


Example 5. Let (%,8) = (($1,81),(,8)) i = 1,2 and k = 1, where & = 
({0.2, 0.4], (0.3, 0.4], [0.4, 


6] , (0.6,0.5,0.8)) , 2 = ((0.3,0.5] , (0.4, 0.7], [0.2, 0.4], (0.7,0.8,0.6)) and & = 
(0.5, 0.5): 
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WLNCHM! (81, 2), (82, $2)) 
— YE (engi, gi) (@22822, tb2o$02)))! 


(7) 
— (uss, 11811), (22899, tr822)))' + (S11, W181), (22822, 2289)))! 
(7) 
1 
({0.2, 0.4] , (0.3, 0.4], [0.4, 0.6] , (0.6, 0.5, 0.8)) 
(05) (05) | (19.2, 0.4], [0.3, 0.4] , (0.4, 0.6], (0.6,0.5,0.8)) 
u 05) (0.5) {_ ((0:30-5],[0-4,0.7], (0.2, 0.4, (0.7,0.8,0.6)) 
7 (05) (05) | (10.3, 0.5}, [0.4,0.7] , (0.2, 0.4], (0.7,0.8,0.6)) 
@) 
1 
({0.2, 0.4] , [0.3, 0.4], [0.4, 0.6], (0.6, 0.5, 0.8) 
(05) (05) | (10.2, 0.4], [0.3, 0.4), (0.4, 0.6], (0.6,0.5,0.8)) 
({0.3, 0.5] , (0.4, 0.7], [0.2, 0.4] , (0.7, 0.8, 0.6)) 
(0.5) (05) | (19.3, 0.5}, [0.4,0.7] ,[0.2,0.4], (0.7,0.8,06)) 
1 
[0.2, 0.4] , 0.3, 0.4],, [0.4, 0.6] , (0.6, 0.5, 0.8)) 
(05) (05) | (19.20.44, (0.3, 0.4] , (0.4, 0.6], (0.6,0.5,0.8)) 
™ 05) (05) (_ (03-05), [0-4,0.7]  [0.2,0.],, (0.7,0.8,0.6)) 
7 (0.5) (05) | (19.3, 0.5], (0.4, 0.7], [0.2,0.4], (0.7,0.8,0.6)) 
(7) 


({0.003, 0.01] , [0.006, 0.01] , [0.01, 0.023] , (0.3, 0.23, 0.2)) 
([0.006, 0.02] , [0.01, 0.034] , [0.03, 0.01], (0.32, 0.2, 0.3)) 


__ {_ ({0.003, 0.01] , 0.006, 0.01], [0.01, 0.023], (0.3, 0.23,0.2)) 
({0.006, 0.02] , [0.01, 0.034] , [0.03, 0.01] , (0.32, 0.2, 0.3)) 
(i) 
({0.00002, 0.0002] , [0.00006, 0.00034] , (0.0008, 0.0023] , (0.52, 0.4, 0.44)) 
+ ({0.00002, 0.0002] , [0.00006, 0.00034] , (0.0003, 0.0023] , (0.52, 0.4, 0.44)) 
(7) 
__ ({0.00004, 0.0004] , (0.00012, 0.0007] , (0.0006, 0.005] , (0.3, 0.2, 0.23)) 
(7) 
= (0.00002, 0.0002] , [0.00006, 0.0004] , (0.0003, 0.003] , (0.2, 0.1, 0.12)) 


Depending on the operations of LNCNs that were given in the above Equations (1)(4), with the help of 
Equation (24), we can formulate the following theorem. 


Theorem 2. Let (%,&;) = (Par) P(g Ay Pam) = 1,2,...,n) be the collection of LNCNs, ® = 


n 
(tb, @2...,t,)" be the weight vector of i; with w; € [0,1],¢ = 1,2,...,n and Sid; = 1. Then, the 


i=1 
accumulated value acquired from the WLNCM operator in Equation (24) is obviously an LNCN, and: 
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WLNCM(&, &) (25) 
p Ly 
: \ 
tt Il 1 IT(: (1 oi “) ’) 
1<i< wlp<n j=l 
p a4 
i 3 t\\ @ 
1<t<...j<n j=l 
: 1 
@ 


k 
=1 


(-@-4)")) 


| TL fe 
1S <..y<n j 


Proof. According to the operational law of LNCNs, we have: 


and: 


then: 


k k 
c(t) 
1st <...j<n j=l 
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al % [Ig 
i 1<i, <<n \j=1 
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° 
P 1, 


1 
k é. po hobaxe\ F 
iy Il 2 TI(-0-94-4) ') 
1S} <...<n j=l 
P ae 


ss k Aa 
= ‘ Il ( (-(4.#) ’} 
1<iy <<a j=l 
: oes 
k - be Z (j) 
( I (ee) ') } 
1st <...j<n j=l 


WLNCHM(@;, §;) 


Therefore, 


% 
P 1, 


& 1 
t-t Il i= Ay yA 
1S<fj <...¢<n j=l 
P a 


(un eony)}) 


According to the operating rules of the LNCNs, the WLNCHM operators also have the same 
properties in the following: 


= 
ae 
R 
| 
™~ 
BR 
| 
aan 
| 
| 2 
“> 
& 
Saemee 2 
Sl 
> 


which proves Theorem. 


Property 5. (Commutativity) Let (§;, $;) for all (? = 1,2,...,n), be an assortment of LNCNs and (§, 84) be 
any permutation of (&, 8), then: 


WLNCHMK(é!, 81) = LNCHM*(&, &) (26) 
Based on Definition (13), the conclusion is obvious, 


WLNCHMK (1bjj8, $4) 


IA 
A 
te 
iA 
a 
aS 
a 
a) 
See 
ant 
& 
Bee 
Ve 
ade 


= WLNCHMK(é;, é) 
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Property 6. (Monotonicity) Let ($8) = (Baa) Poppy Pian)» (fift) = (Posy Beara Pern) 
; 


1, then: 
WLNCHMK(&, &;) < WLNCHMEK (f, f;) (27) 


Property 7. (Idempotency) If (&,8;) = (&,¢) = (Bian) Poppy, Pag) for all @ = 1,2,...,n), then: 
WLNCHM*(,) = (Baa), Ppp) Pay) a 


Property 8. (Boundedness) Let (%,8;)(¢ = 1,2,...,n) be an assortment of LNCNs and gt = 
max(§, $7), = min(%, 8), then: 


& < WLNCHM'(g;, g) < ¢* (29) 
Based on Properties 5 and 6, we have, 
WLNCHM*(g, §:) > WLNCHM'(g;, 8) = ¢ 
WLNCHM*(g;, &:) < WLNCHM*(g+, 8+) = g*. 


4. Entropy of LNCSs 


Entropy is used to control the unpredictability in different sets like the fuzzy set (FS), intuitionistic 
fuzzy set (IFS), etc. In 1965, Zadeh [37] first defined the entropy of FS to determine the ambiguity in a 
quantitative manner. This notion of fuzziness plays a significant role in system optimization, pattern 
classification, control and some other areas. He also gave some points of its effects in system theory. 
Recently, the non-probabilistic entropy was axiomatized by Luca et al. [38]. The intuitionistic fuzzy 
sets are intuitive and have been widely used in the fuzzy literature. The entropy G of a fuzzy set H 
satisfies the following conditions, 


1. G(H) = Oifand only if H € 2’; 
. G(H) = 1ifand only if wa(x) = 0.5,Vx € X; 
3. G(H) < G(i) if and only if H is less fuzzy than 7, ie., if wy(x) < p(x) < 0.5,Vx © X or if 
a2) S tale) SUS Ves Xx 
4. G(H°) = G(H). 


Axioms 1-4 were expressed for fuzzy sets (known only by their membership functions), and 
they are stated for the intuitionistic fuzzy sets as follows: 


(H) = Oif and only if H € 2*; (H non-fuzzy) 
: (H) = 1ifand only if py(x) = vy(x),Vx € X; 
3. G(H) < G(?) if and only if H is less than 7, ie., if wy(x) < p(x) and vy(x) > vj(x) for py(x) < 
(x) or if wy (x) > pa(x) and vy(x) < v;(x) for py(x) > v;(x), 
( 


Differences occur in Axiom 2 and 3. 

Kaufmann [39] suggested a distance measure of soft entropy. A new non-probabilistic entropy 
measure was introduced by Kosko [40]. In [41] Majumdar and Samanta introduced the notion of two 
single-valued neutrosophic sets, their properties and also defined the distance between these two sets. 
They also investigated the measure of entropy of a single-valued neutrosophic set. The entropy of IFSs 
was introduced by Szmidt and Kacprzyk [42]. The fuzziness measure in terms of distance between the 
fuzzy set and its compliment was put forward by Yager [43]. 
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The LNCS was examined by managing undetermined data with the truth, indeterminacy and 
falsity membership function. For the neutrosophic entropy, we will trace the Kosko idea for fuzziness 
calculation [40]. Kosko proposed to measure this information feature by a similarity function between 
the distance to the nearest crisp element and the distance to the farthest crisp element. For neutrosophic 
information, we refer the work by Patrascu [45] where he has given the following definition including 
from Equation (30) to (33). It states that: the two crisp elements are (1,0,0) and (0,0,1). We consider 
the following vector: B = (u—v,u+v—1,w). For (1,0,0) and (0,0, 1), it results in By, = (1,0,0) 
and Bra; = (—1,0,0). We will now compute the distances as follows: 


D(B, Bru) = |} v 1 |p v 1 + W (30) 


D(B, Bra) =|H#-v+1[+|e+v—1l+wH (31) 


The neutrosophic entropy will be defined by the similarity between these two distances. 
The similarity E, and neutrosophic entropy V;, are defined as follows: 


|D (B, Bru) —D (B, Brat) | 


E,-=1 
: D (B, Bry) +D (B, Brat) 


(32) 


Iu —v| 
V-=1 33 
- 1]+|ptv—1|+w (9°) 


Definition 15. Suppose that H = { (x0 Berar (xy P (Br, pH) (x) Pauau(a)) | x7 € x} is an LNCS; 
we define the entropy of LNCS as a function G, : k(X) — 0,t], where t is an odd cardinality with t +1. 
The following are some conditions. 


1. G,(H) = 0 if His acrisp set; 


2. G;(H) = [1,1] if and only if ze) = eee) = ae) = (0.5,0.5] and G;(H) = 1 if and only if 


aH(x) pu) wes) 0.5, Vx € X; 


3. G;(H) < G;(i) if and only if H is less indeterminable than i, i.e., if 4) que) > we) 
Bulx) — Byc)| Ce Be(x)| | Bulx) _ Byc(x) 
f <— | t f t f 


file) AMG) 4 GHG) 5 aH) 4 HO) ang > 


t 


4. G;(H°) = G(H). 


We need to consider three factors for the uncertain measure of LNCS; one is the truth membership 
and false membership, and the other is the indeterminacy term. We define the entropy measure of G; 
of an LNCS H, which depends on the following terms: 


Cy =t2 Ge ! ie). 


n xEx 


(34) 


Then, we prove that Equation (34) can meet the condition of Definition 15. 


Proof. 1. For acrisp set H, there is no indeterminacy function for any LNCN of H. Hence, G;(H) = 
0 is satisfied. 7 
2. If His such that ##) — BH@) _ 7H) = [95,05], SHO) BH@ tH) _ 05, vx © X, then 


te) | HO) — (1,1), 4G) 4 TH) — 1 and fu@) _ Fac) _ (95, 0.5] — [0.5,0.5] = 0, fu) — 


Puc) _ 95-05 =0,Vx € X > G(H) =1. 
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3. His less uncertain than I; we assume i pt poe ee) a ee) feet = Be) Hy) 


Bulx) — Byc®)| 5 |B) _ Be] | Ba) _ bye) 
t t — t t , t 


and 


ft 
> ae axe | . Depending on the 


entropy value in Equation (34), we can obtain G;(H) < G;(?). 
4. Ho = { (x Poa (x;)* Pt—Bu(xq)? Pita (xi)? Porn x1) Pru) Paul) | ae x} ’ 


GE ilps, (#2 | fap) Bycl) _ Byls) 


; ; = G;(H). 


Example 6. Let p = { po, B1, 2, p3, ba} bea linguistic term set with cardinality t+ 1, $ = (p3, po, Pi), 82 = 
(Pa, P3, P1, ), be two LNCNs based on p and U be the universal set where: 


i — J ((0-1,0.3], (0.4, 0.5], (0.4, 0.6], (0.4, 0.6,0.7)), 
(0.1, 0.2], (0.2, 0.5], (0.1, 0.4], (0.4, 0.6,0.5)) 


isan LNCS in U. Then, the entropy of U will be: 


; (naga ose!) lop 5—[0.4,0.5] 
ae ae Ge: 5 
GA) =1-5)  ‘vto102) , foro4}\ | [0104]  5—[0.1,04 
oe meat ar i ee 


= (0.89, 0.93] 


5. The Method for MAGDM Based on the WLNCHM Operator 


In this section, we discuss MAGDM, based on the WLNCHM operator with LNCN. 

Let U = {Uj,Ub,...,Um} be the set of alternatives, V = {V1, V2,..., Vi} be the set of attributes 
and w = (t4,W2,..., tn)? be the weight vector. Then, by LNCNs and from the predefined linguistic 
term set p = {9; | j € [0,t]} (where t + 1 is an odd cardinality), the decision makers are invited 
to evaluate the alternatives U;(7 = 1,2,...,m) over the attributes Vi( j =1,2,...,n). The DMs can 
assign the uncertain LT® to the truth, indeterminacy and falsity linguistic terms and the certain 
LT® to the truth, indeterminacy and falsity linguistic terms in each LNCNs, which is based on the 
LT® in the evaluation process of the linguistic evaluation of each attribute Vjj = 1,2,...,2) on 
each alternative U;(? = 1,2,...,m). Thus, we obtain the decision matrix S$ = (si, )m xn, (&, &) = 
(Bic, Pp,» Pe Pas Pp, Pn) G => 1,2, aan .,M;] = 12, ace nN) as an LNCN. 

Based on the above information, the MAGDM on the WLNCM operator is described as follows: 

Step 1: Regulate the decision making problem. 

Step 2: Calculate &, = WLNCM(sq1,872,...,Sin) to obtain the collective approximation value for 
alternatives U; with respect to attribute Vj. 

Step 3: In this step, we operate the entropy of LNCSs to find out the weight of the elements. 


8) = (Playa; PAY P (44) 


t t 


1 (Fue ine?) Be(x) — Bre(x) 


@ = Gy($)/ YG (S) (35) 


j=l 


Step 4: In this step, we calculate the values of the score function g(S), accuracy function ®(S) 
and certain function ¥ (S) based on Equations (12)-(14). 
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Step 5: In this step, we find out the sequence of the alternatives U;(7 = 1,2,...,m) . According to 
the ranking order of Definition 8, with a greater score function @(S), the ranking order of alternatives 
U; is the best. If the score functions are the same, then the accuracy function of alternatives U; is larger, 
and then, the ranking order of alternatives U; is better. Furthermore, if the score and accuracy function 
both are the same, then the certain function of alternatives U; is larger, and then, the ranking order of 
alternatives U; is best. 

Step 6: End. 


6. Numerical Applications 


A corporation intends to choose one person to be the area supervisor from five candidates 
(U, — Ug), to be further evaluated according to the three attributes, which are shown as follows: 
ideological and moral quality (V;), professional ability (V2) and creative ability (V3). The weights of 
the indicators are w = (0.5,0.3,0.2). 


6.1. Procedure 


Case 1: If the weights of the element are absolutely unidentified, then we use the suggested 
technique to solve the above problem in which the decision making steps are as follows: 

Step 1: Let U = {Uj, Up,..., U4} bea set of alternatives and V = {Vj, V2, V3} bea set of attributes. 
Let S = (sij)ax3 be a set of decision matrices. A decision matrix evaluates each alternative based on 
the given attributes; 


Vv; V2 V3 
({0.4, 0.5], ({0.3, 0.5], ({0.2, 0.5], 
th 0.1, 0.2], 0.6, 0.7], 0.4, 0.7], 
0.3, 0.6], 0.4, 0.6], 0.7, 0.8], 
(0.6, 0.3,0.7)) (0.6, 0.8, 0.7)) (0.6, 0.8, 0.9)) 
({0.4, 0.7], ({0.4, 0.7], (0.1, 0.4], 
Lp 0.7, 0.8], 0.7, 0.8], 0.1, 0.7], 
0.4, 0.8], 0.1, 0.5], 0.7, 0.9], 
S1= (0.8, 0.9,0.9)) (0.8, 0.9,0.7)) (0.5, 0.8, 1.0)) 
({0.2, 0.7], ({0.5, 0.5], ({0.1, 0.5], 
Uy 0.5, 0.7], 0.4, 0.6], 0.4, 0.9], 
0.1, 0.8], 0.3, 0.8], 0.2, 0.8], 
(0.8, 0.8, 0.9)) (0.6, 0.7,0.9)) (0.6, 1.0,0.9)) 
((0.4, 0.9], ({0.1, 0.3], ({0.2, 0.6], 
ti, 0.3, 0.7], 0.2, 0.7], 0.2, 0.7], 
0.4, 0.9], 0.7, 0.7], 0.1, 0.8], 
(1.0,0.8, 1.1)) (0.4, 0.8,0.9)) (0.7, 0.8, 0.9)) 
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u; 


U3 


uy; 


Up 


Us 


U4 


(0. 


—_—ee_oOoOQ™ ewe oy 


Vi 
({0.4, 0.6], 
0.1, 0.3}, 
0.3, 0.5], 
(0.7, 0.4,0.6)) 
((0.3, 0.7], 
0.7, 0.8], 
0.6, 0.8], 
(0.8, 0.9, 1.0)) 
({0.2, 0.4], 
0.5, 0.6], 
0.1, 0.3}, 
(0.5,0.7,0.7)) 
({0.4,0.7], 
0.3, 0.5], 
0.4, 0.6], 
(0.8, 0.6,0.7)) 


Vi 
(0.4, 0.5], 
0.1, 0.2], 
0.3, 0.6], 
6,0.3,0.7)) 
((0.4, 0.5), 
0.7, 0.9], 
0.4, 0.9], 
6,1.0, 1.1)) 
((0.2, 0.6], 
0.5, 0.8], 
0.1, 0.7], 


(0.7,0.9,0.8)) 


({0.3, 0.9], 
0.4, 0.7], 
0.5,0.9], 


(1.1,0.8, 1.0)) 


— 
Oo 


2) 


({0.3, 0.4], 


0.6, 0.7 
0.5, 0.6 


(0.5,0.8, 0. 
([0.4,0.5], 


0.7, 0.9 
0.1, 0.4 
.6,1.0,0 


0.3, 0.6 
0.3, 0.7 
.7,0.8,0 


— 
Oo 


0.2, 0.6 
0.6, 0.7 


, 


7)) 


, 


8)) 
({0.5,0.6], 


, 


.9)) 
({0.1,0.4], 


, 


, 


V3 
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([0.2, 0.3], 


0.4,0.5 
0.7, 0.8 


(0.4,0.6,0 
([0.3, 0.4], 


0.1, 0.8 
0.6, 0.9 


(0.5,0.9,1. 
([0.1,0.3], 


0.4, 0.6 
0.2,0.5 


(0.4, 0.7, 0. 
({0.2,0.7], 


0.2, 0.8 
0.1,0.5 


, 


9)) 


, 


0)) 


6)) 


, 


, 


(0.5,0.7,0.8)) 


Vo 
((0.3, 0.4], 
0.5,0.7], 
0.4,0.5], 


(0.5,0.8,0.6)) 


({0.4, 0.6], 
0.7,0.9], 
0.1,0.4], 


(0.7, 1.0,0.5)) 


([0.5, 0.6], 
0.4,0.6], 
0.6,0.8], 


(0.7,0.8,0.9)) 


({0.1, 0.2], 
0.2,0.5], 
0.6, 0.7], 


(0.3,0.6,0.8)) 


| | ({0.1, 0.4], 
0.1,0.7], 

0.7, 0.8], 

(0.5, 0.8, 0.9)) 


(0.8,0.9,0.7)) 


V3 
({0.2, 0.4], 
0.4, 0.6], 
0.7,0.9], 
(0.5,0.7, 1.0)) 


({0.1, 0.4], 
0.4, 0.8], 
0.6, 0.8], 
(0.5,0.9, 1.0)) 
({0.2, 0.5], 
0.2, 0.4], 
0.1,0.9], 
(0.7,0.8, 1.0)) 


aan e+ oe”, vom'-v_-—o-- ere— Se 
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Step 2: Calculate s;, = WLNCHM(si1,872,--.,Sin) to obtain the overall assessment value for 
alternatives U; with respect to attribute Vj. 


uy 


U2 


Us 


U4 


Step 3: We utilize the entropy of LNCSs to calculate the weight of the attributes, i.e., let 


| 
| 
| 


Yj 
({0.110, 0.127], 
(0.055, 0.084], 
(0.095, 0.131], 
(0.139, 0.101, 

0.142)) 
({0.105, 0.139], 
(0.146, 0.159], 
(0.119, 0.159], 
(0.149, 0.169, 

0.175)) 
({0.078, 0.131], 
(0.123, 0.146], 
(0.055, 0.135], 
(0.142, 0.156, 

0.156)) 
({0.105, 0.159], 
(0.101, 0.139], 
(0.115, 0.156], 
(0.172, 0.149, 

0.169)) 


2) 
({0.101, 0.119}, 
(0.115, 0.127], 
[0.110, 0.135], 
(0.127, 0.156, 
0.142)) 
({0.110, 0.135], 
(0.146, 0.162], 
(0.055, 0.115], 
(0.146, 0.172, 
0.142)) 
({0.123, 0.131], 
(0.105, 0.135], 
(0.123, 0.153], 
(0.142, 0.153, 
0.165)) 
({0.055, 0.095}, 
(0.078, 0.135], 
[0.139, 0.146], 
(0.110, 0.146, 
0.159)) 


V3 
({0.078, 0.110], 
(0.110, 0.135], 
(0.146, 0.159], 
(0.123, 0.110, 

0.169)) 
({0.071, 0.110], 
(0.055, 0.149], 
(0.142, 0.162], 
(0.123, 0.159, 

0.172)) 
({0.055, 0.110], 
(0.110, 0.153], 
(0.101, 0.110}, 
(0.123, 0.162, 

0.159)) 
({0.078, 0.135}, 
(0.078, 0.139], 
(0.055, 0.149], 
(0.149, 0.159, 

0.165)) 


5 = (B(a,.4;) PB,B;)’ Pa,aj)) be the LNCN and Gj/(s;) be the weight of attributes, i-e., 
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1 ts, (x) 4s, (x) Bs, (x) Bsc (x) 
Gj (sj) =1-— t : 
in 4 t t t 
(0.110,0.127] _, [0.095,0.131] | 0.055,0.084] _ 7—[0.055,0.084] 
7 7 : 7 7 
[0.105,0.139] , [0.119,0.159]\ | [0.146,0.159] __ 7—[0.146,0.159] 
GC a4 1 7 7 ; 7 7 
cGi=4ts 4 [0.078,0.131] _, [0.055,0.135]\ | [0.123,0.146] __ 7—[0.123,0.146] 
7 7 : M4 7 
[0.105,0.159] , [0.115,0.156]\ | [0.101,0.139] __ 7—[0.101,0.139] 
7 7 : 7 7 
= (0.975, 0.976] 
(2amuoats __ [0.110,0.135] 0.115,0.127] _ 7—[0.115,0.127] 
7 7 : 7 7 
[0.110,0.135] , [0.055,0.115]\ | [0.146,0.162] _ 7—[0.146,0.162] 
GC = 1 7 7 ; 7 7 
AC) eae 4 [0.123,0.131] , [0.123,0.153]\ | [0.105,0.135] _ 7—[0.105,0.135] 
7 7 : is 7 
[0.055,0.095] , [0.139,0.146] \ | [0.078,0.135] __ 7—[0.078,0.135] 
Z 7 : v4 7 
= (0.975, 0.994] 
(2ompato __ [0.146,0.159] 0.110,0.135] _ 7—[0.110,0.135] 
7 4 ; 7 i 
[0.071,0.110] , [0.142,0.162]\ | [0.055,0.149] __ 7—[0.055,0.149 
GC nt 1 7 7 : 7 7 
z(s3) =1- 4 [0.055,0.110] , [0.101,0.110}\ | [0.110,0.153] _ 7—{0.110,0.153] 
7 7 f v4 7 
[0.078,0.135] _, [0.055,0.149]\ | [0.078,0.139] __ 7—[0.078,0.139] 
7 z , 4 7 
= (0.935, 0.982] 
n 
I= 
bic 0.957, 0.976 
1 [2.883, 2.952 
= [0.338.0.330] 
wees 0.973, 0.994 
> (2.883, 2.952 
= (0.337, 0.336] 
Ae 0.935, 0.982 
(2.883, 2.952 
= (0.324, 0.332] 


Step 4: By the WLNCHM operator, we calculate the comprehensive evaluation value of each 


alternative as: 


U; = ([ ] 

U> = ((0.128, 0.186] 
([ ], (0.117, 0.190 
([ 


y y 


U3 = (0.093, 0.153 
U4 = 


0.132, 0.182], [0.140, 0.174], [0.127, 0.192], 
, (0.147, 0.184], (0.141, 0.187], 
[ |, (0.147, 0.191] 
0.103, 0.121], [0.133, 0.162], [0.152, 0.171], 


y 


yp | Up Ke) ee 


0.199, 0.189, 0.212)) 
0.174, 0.207, 0.199)) 
0.200, 0.195, 0.205)) 
0.160, 0.181, 0.175)) 
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Step 5: We find the values of score function g(S) as: 


o(S) = sl(4t+a—B-4) + (2t+4—B-4) | for 9(5) € [0,1] 


(S1) = (20 + 0.13 + 0.2 — (0.14 + 0.2 + 0.13 + 0.2) 


$404-02— (02-4021) 
= 654 


0.2) 


oe 20 +0.2 +0.2—(0.15+0.2-+0.14 


+ 10 +. 0.2 — (0.2 + 0.2)] 
= 0.656 


(S53) = = [20 + 0.1 + 0.2 — (0.12 + 0.2 + 0.15 + 0.2) 


+ 10 + 0.2 — (0.2 + 0.21)] 
= 0.653 


1 
p(Sa) = 7_[20+0.1+0.1 ~ (0.1+02+0.2 +0.2) 


+ 10 +0.2 — (0.2 + 0.2)] 
= 0.657 


Step 6: According to the value of the score function, the ranking of the candidates can be confirmed, 
ie., S4 > Sp > S1 > S3,,80 Sy is the best alternatives. 

Case 2: If the DM gives the information about the attributes and weight and the weight vector 
is @ = (0.1,0.5,0.4), then the score function g(S;) (7 = 1,2,3,4) of Case 2 can be obtained as follows; 
p(S1) = 0.451, p(S2) = 0.435, p(S3) = 0.504, p(S4) = 0.492. The ranking of these score functions is 
S3 > Sq > S1 > Sp. Thu,s due to the diverse weights of attributes, the ranking of Case 2 is different 
from that of Case 1. 

In the MADM method, the attribute weights can return relative values in the decision method. 
However, due to the issues such as data loss, time pressure and incomplete field knowledge of the DMs, 
the information about attribute weights is not fully known or completely unknown. Through some 
methods, we should derive the weight vector of attributes to get possible alternatives. In Case 2, the 
attribute weights are usually determined based on DMs’ opinions or preferences, while Case 1 uses 
the entropy concepts to determine weight values of attributes to successfully balance the manipulation 
of subjective factors. Therefore, the entropy of LNCS is applied in the decision process to give each 
attribute a more objective and reasonable weight. 


6.2. Comparison Analysis 


From the comparison analysis, one can see that the advanced method is more appropriate 
for articulating and handling the indeterminate and inconsistent information in linguistic decision 
making problems to overcome the insufficiency of several linguistic decision making methods in the 
existing work. In fact, most of the decision making problems based on different linguistic variables 
in the literature not only express inconsistent and indeterminate linguistic results, but the linguistic 
method suggested in the study is a generalization of existing linguistic methods and can handle 
and represent linguistic decision making problems with LNN information. We also see that the 
advanced method has much more information than the existing method in [26,32,44]. In addition, 
the literature [26,32,44] is the same as the best and worst and different from our methods. The reason 
for the difference between the given literature and our method may be the decision thought process. 
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Some initial information may be missing during the aggregation process. Moreover, the conclusions 
are different. Different aggregation operators may appear [32], and our methods are consistent with 
the aggregation operator and receive a different order. However, [32] may have some limitations 
because of the attributes. The weight vector is given directly, and the positive and negative ideal 
solutions are absolute. Other than this, the ranking in the literature [26,32,44] is different from the 
proposed method. The reason for the difference may be uncertainty in LNN membership since the 
information is inevitably distorted in LIFN. Our method develops the neutrosophic cubic theory and 
decision making method under a linguistic environment and provides a new way for solving linguistic 
MAGDPM problems with indeterminate and inconsistent information. 


7. Conclusions 


In this paper, we work out the idea of LNCNs, their operational laws and also some properties 
and define the score, accuracy and certain functions of LNCNs for ranking LNCNs. Then, we define 
the LNCHM and WLNCHM operators. After that, we demonstrate the entropy of LNCNs and relate 
it to determine the weights. Next, we develop MAGDM based on WLNCHM operators to solve 
multi-attribute group decision making problems with LNCN information. Finally, we provide an 
example of the developed method. 


Author Contributions: All the authors of this paper contributed equally. They have read and approved the final 
version of the paper. In particular: conceptualization, M.G.; supervision, M.G.; communication, M.G.; formatting, 
H.A.W,; revisions, H.A.W.; project administration, F.S.; writing the original draft, S.K.; final proof reading, S.I.A.S. 


Acknowledgments: We would like to express our sincere thanks to the anonymous referees of this paper for their 
interest in our work and also for spending their valuable time in reading this manuscript carefully and giving 
their useful comments for improving the earlier version of the paper. 


Conflicts of Interest: The authors declare no conflict of interest. 


References 

1. Zadeh, L.A. Fuzzy sets. Inform. Control 1965, 8, 338-353. [CrossRef] 

2. Atanassov, K.T. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, 87-96. [CrossRef] 

3. Jun, Y.B.; Kim, C.S.; Yang, K.O. Cubic sets. Ann. Fuzzy Math. Inform. 2012, 4, 83-98. 

4. Akram, M.; Yaqoob, N.; Gulistan, M. Cubic KU-subalgebras. Int. J. Pure Appl. Math. 2013, 89, 659-665. 


[CrossRef] 

5. Yaqoob, N.; Mostafa, S.M.; Ansari, M.A. On cubic KU-ideals of KU-algebras. ISRN Algebra 2013, 
doil0.1155/2013/935905. [CrossRef] 

6. Rashid, S.; Yaqoob, N.; Akram, M.; Gulistan, M. Cubic graphs with application. Int. J. Anal. Appl. 2018, 16, 
733-750. 

7. Aslam, M.; Aroob, T.; Yaqoob, N. On cubic I’-hyperideals in left almost -semihypergroups. Ann. Fuzzy Math. 
Inform. 2013, 5, 169-182. 

8. Gulistan, M.; Yaqoob, N.; Vougiouklis, T.; Wahab, H.A. Extensions of cubic ideals in weak left almost 
semihypergroups. J. Intell. Fuzzy Syst. 2018, 34, 4161-4172. [CrossRef] 

9. Gulistan, M.; Khan, M.; Yaqoob, N.; Shahzad, M. Structural properties of cubic sets in regular 
LA-semihypergroups. Fuzzy Inf. Eng. 2017, 9, 93-116. [CrossRef] 

10. Khan, M.; Gulistan, M.; Yaqoob, N.; Hussain, F. General cubic hyperideals of LA-semihypergroups. Afr. Mat. 
2016, 27, 731-751. [CrossRef] 

11. Yaqoob, N.; Gulistan, M.; Leoreanu-Fotea, V.; Hila, K. Cubic hyperideals in LA-semihypergroups. J. Intell. 
Fuzzy Syst. 2018, 34, 2707-2721. [CrossRef] 

12. Khan, M.; Jun, Y.B.; Gulistan, M.; Yaqoob, N. The generalized version of Jun’s cubic sets in semigroups. J. 
Intell. Fuzzy Syst. 2015, 28, 947-960. 

13. Khan, M.; Gulistan, M.; Yaqoob, N.; Shabir, M. Neutrosophic cubic (a, f)-ideals in semigroups with 
application. J. Intell. Fuzzy Syst. 2018, 35, 2469-2483. [CrossRef] 

14. Ma, X.L.; Zhan, J.; Khan, M.; Gulistan, M.; Yaqoob, N. Generalized cubic relations in Hv-LA-semigroups. J. 
Discret. Math. Sci. Cryptgr. 2018, 21, 607-630. [CrossRef] 


Symmetry 2018, 10, 428 29 of 30 


15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


23% 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
32. 


33. 


34. 


35. 


36. 


37. 
38. 


39. 


40. 


41. 
42. 


Gulistan, M.; Khan, M.; Yaqoob, N.; Shahzad, M.; Ashraf, U. Direct product of generalized cubic sets in 
Hv-LA-semigroups. Sci. Int. 2016, 28, 767-779. 

Smarandache, F. A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set, Neutrosophic 
Probability; American Research Press: Rehoboth, NM, USA, 1999. 

Smarandache, F. Neutrosophic set, a generalization of the intuitionistic fuzzy set. Int. J. Pure Appl. Math. 2005, 
24, 287-297. 

Wang, H.; Smarandache, F.; Zhang, Q.Y.; Sunderraman, R. Single Valued Neutrosophic Sets; Infinite Study: 
New Delhi, India, 2010. 

De, S.K.; Beg, I. Triangular dense fuzzy neutrosophic sets. Neutrosophic Sets Syst. 2016, 13, 25-38. 

Gulistan, M.; Khan, A.; Abdullah, A.; Yaqoob, N. Complex neutrosophic subsemigroups and ideals. Int. J. 
Anal. Appl. 2018, 16, 97-116. 

Jun, Y.B.; Smarandache, F.; Kim, C.S. Neutrosophic cubic sets. New Math. Nat. Comput. 2017, 13, 41-54. 
[CrossRef] 

Jun, Y.B.; Smarandache, F.; Kim, C.S. P-union and P-intersection of neutrosophic cubic sets. Anal. Univ. 
Ovidius Constanta 2017, 25, 99-115. [CrossRef] 

Gulistan, M.; Yaqgoob, N.; Rashid, Z.; Smarandache, F.; Wahab, H. A study on neutrosophic cubic graphs with 
real life applications in industries. Symmetry 2018, 10, 203. [CrossRef] 

Zhan, J.; Khan, M.; Gulistan, M.; Ali, A. Applications of neutrosophic cubic sets in multi-criteria 
decision-making. Int. J. Uncertain. Quantif. 2017, 7, 377-394. [CrossRef] 

Hashim, R.M.; Gulistan, M.; Smrandache, F. Applications of neutrosophic bipolar fuzzy sets in HOPE 
foundation for planning to build a children hospital with different types of similarity measures. Symmetry 
2018, 10, 331. [CrossRef] 

Zadeh, L.A. The concept of a linguistic variable and its application to approximate reasoning Part I. Inf. Sci. 
1975, 8, 199-249. [CrossRef] 

Herrera, F.; Herrera-Viedma, E.; Verdegay, L. A model of consensus in group decision making under linguistic 
assessments. Fuzzy Sets Syst. 1996, 79, 73-87. [CrossRef] 

Herrera, F.; Herrera-Viedma, E. linguistic decision analysis: Steps for solving decision problems under 
linguistic information. Fuzzy Sets Syst. 2000, 115, 67-82. [CrossRef] 

Xu, Z.S. A method based on linguistic aggregation operators for group decision making with linguistic 
preference relations. Inf. Sci. 2004, 166, 19-30. [CrossRef] 

Chen, Z.C.; Liu, P.H.; Pei, Z. An approach to multiple attribute group decision making based on linguistic 
intuitionistic fuzzy numbers. Int. J. Comput. Intell. Syst. 2015, 8, 747-760. [CrossRef] 

Zhang, H. Linguistic intuitionistic fuzzy sets and application in MAGDM. J. Appl. Math. 2014. [CrossRef] 
Fang, Z.B.; Ye, J. Multiple attribute group decision-making method based on linguistic neutrosophic numbers. 
Symmetry 2017, 9, 111. [CrossRef] 

Peng, H.G.; Wang, J.Q.; Cheng, P.F. A linguistic intuitionistic multi-criteria decision-making method based 
on the Frank Heronian mean operator and its application in evaluating coal mine safety. Int. J. Mach. Learn. 
Cybern. 2017, 9, 1053-1068. [CrossRef] 

Ye, J. Aggregation operators of neutrosophic linguistic numbers for multiple attribute group decision making. 
SpringerPlus 2016, 5, 1691. [CrossRef] [PubMed] 

Li, YY; Zhang, H.; Wang, J.Q. Linguistic neutrosophic sets and their application in multicriteria 
decision-making problems. Int. J. Uncertain. Quantif. 2017, 7. [CrossRef] 

Hara, T.; Uchiyama, M.; Takahasi, S.E. A refinement of various mean inequalities. J. Inequal. Appl. 1998, 4, 
932025. [CrossRef] 

Zadeh, L.A. Fuzzy sets and systems. Int. J. Gen. Syst. 1990, 17, 129-138. [CrossRef] 

De Luca, A.; Termini, S. A definition of a nonprobabilistic entropy in the setting of fuzzy sets theory. Inf. Control 
1972, 20, 301-312. [CrossRef] 

Kaufmann, A.; Bonaert, A.P. Introduction to the theory of fuzzy subsets-vol. 1: Fundamental theoretical 
elements. IEEE Trans. Syst. Man Cybern. 1977, 7, 495-496. [CrossRef] 

Kosoko, B. Fuzzy entropy and conditioning. Inf. Sci. 1986, 40, 165-174. [CrossRef] 

Majumdar, P.; Samanta, S.K. Softness of a soft set: Soft set entropy. Ann. Fuzzy Math. Inf. 2013, 6, 59-68. 
Szmidt, E.; Kacprzyk, J. Entropy for intuitionistic fuzzy sets. Fuzzy Sets Syst. 2001, 118, 467-477. [CrossRef] 


Symmetry 2018, 10, 428 30 of 30 


43. 


44. 


45. 
46. 


47. 


Yager, R.R. On the measure of fuzziness and negation, Part I: Membership in the unit interval. Int. J. Gen. Syst. 
1979, 5, 189-200. [CrossRef] 

Ye, J. An extended TOPSIS method for multiple attribute group decision making based on single valued 
neutrosophic linguistic numbers. J. Intell. Fuzzy Syst. 2015, 28, 247-255. 

Patrascu, V. The neutrosophic entropy and its five components. Neutrosophic Sets. Syst. 2015, 7, 40-46. 

Liu, P.; You, X. Some linguistic neutrosophic Hamy mean operators and their application to multi-attribute 
group decision making. PLoS ONE 2018, 13, e0193027. [CrossRef] [PubMed] 

Ye, J. Linguistic neutrosophic cubic numbers and their multiple attribute decision-making method. Information 
2017, 8,110. [CrossRef] 


@) © 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access 
article distributed under the terms and conditions of the Creative Commons Attribution 
BY 


(CC BY) license (http: //creativecommons.org/licenses/by/4.0/). 


